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Abstract-The conventional trapezoidal approximation for the numerical evaluation of the integral 
formula for the Dirichlet problem inside the unit disc becomes highly inaccurate when the point 
of evaluation is approaching the boundary of the circular domain. This is due to the presence of 
two nearby poles of the integrand function near the interval of integration. A modified quadrature 
formula is derived using the generalized Residue Theorem which provides much accurate numerical 
approximation of the integral formula compared with the trapezoidal approximation. Error estimates 
of the proposed numerical quadrature are also presented. 
INTRODUCTION 
The Poisson integral formula for the Dirichlet problem inside the unit disk is given by 
U(T,8) = 2_ 
J 
2?r 
1 -T2 
27r ,, 1-2TCOS(6-c$)+T2 u(b4) 44 (1) 
where ~(1, 0) is a piecewise continuous functions over [0,27r]. Let z = e@, the Poisson kernel can 
be expressed as 
p(T,h@) = 
1 - T2 1 1 
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(2) 
Note that the Poisson kernel has poles at t = reie and z = eie/r. The poles approach the 
interval of integration when T + l-. It has been well-known that the accuracy of the trapezoidal 
approximation to the integral becomes adversely deteriorated when the integrand has poles near 
the interval of integration [1,2,3]. In this note, we apply the generalized Residue Theorem to 
modify the trapezoidal sum by adding correction terms which use the poles of the integrand as 
abscissas. 
CORRECTED TERMS ADDED TO THE TRAPEZOIDAL SUM 
The Poisson integral formula may be expressed as 
f(a) = & j ,=1 f(z) (A - L, dz, Ial < 1. 
z z - l/6 
Consider the function 
F(z) = f(z) 
where N is a positive integer and (Y = reie. The poles of F( ) 
Nth roots of unity. The Nth roots of unity are given by 
z are at z = q z = l/6, and the 
ale = ei2WN, k = 0, 1,2, . . . , N - 1. (5) 
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The generalized Residue Theorem states that if F(z) is analytic in the extended z-plane except 
for a finite number of singularities, then the sum of all residues of F(z) (including co) is zero. 
Applying the Theorem to F(Z) defined in equation (4), we obtain 
Rearranging the terms gives 
f(a) = + 2 [+*)a* (A - ’ 
k=l 
(Yk - l/6 
)] + [i f’,“lN + ;F;“?] +I%%@+), oo). (7) 
Note that if h is the stepwidth, then l/N = h/2r. Now, the first term on the right-hand expression 
of equation (7) represents the conventional trapezoidal approximation to integral formula (1). 
Observe that the second term in equation (7) represents the modification to the trapezoidal sum, 
presumably for more accurate numerical approximation for integral formula (1). The magnitude 
of the second term becomes significant when T approaches the boundary of the circular domain. 
Note that the abscissas (Y = reie and l/S = eie/r for f(z) are interpreted as ei(e-i’nrl and 
ei(e+i In T, respectively. 
Error Estimates 
Lastly, the third term in equation (7) gives the error incurred in approximating the integral 
formula by the trapezoidal sum together with the modified terms. Let R = msx IziJ where Z~‘S 
are the finite singularities of F(z). Theoretically, the error Res(F, oo) can be evaluated from the 
knowledge of the following Laurent expansions: assume f(z) admits a Laurent expansion of the 
form 
00 
f(z) = C anzn, I4 ’ R 
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and that 
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s= Z(n+l)N ’ IzI > R. 
n=O 
(8) 
NUMERICAL EXPERIMENTS 
Let EC and E, denote the maximum of absolute errors using the conventional and modified 
trapezoidal sums respectively. We test the modified quadrature formula with the following two 
functions: 
(a) ZJ( 1,0) = cos2 19 
(i) N = 12, r = 0.9 
EC = 0.7960 
(ii) N = 12, T = 0.99 
EC = 15.60 
(b) u(l,e) = ecose cos(sinB) 
(i) N = 12, T = 0.9 
EC = 2.514 
(ii) N = 360, T = 0.99 
EC = 0.1499 
(iii) N = 360, T = 0.999 
EC = 12.54 
E,,, = 8.771 x 1O-3 
E, = 6.192 x 1O-3 
E, = 1.603 x 1O-2 
E,,, = 3.409 x 1O-5 
E, = 3.666 x lo-* 
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CONCLUSION 
The above procedure illustrates an effective technique for deriving modified quadrature formula 
for integrand with nearby poles. Indeed, the result obtained in this note is conformally equivalent 
to that obtained by Chawla et al. [2] and Theotokoglou [3]. However, the derivation procedure 
presented here is much simplified. As illustrated by the numerical experiments, the modified 
trapezoidal formula gives much accurate numerical approximation to the Poisson integral formula 
compared to the conventional trapezoidal approximation. 
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